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Abstract
We consider a superconductor/multiferromagnet/superconductor (S/I/F1/

· · · /Fn/I/S) ballistic junction with thin insulating layers in the interfaces. We
develop a diagrammatic approach for the equation that determines the Andreev
spectrum, by examining the closed loops in the intermediate ferromagnetic
layers. It is expressed in terms of the S/F and F/F interface scattering
amplitudes. A set of rules is determined. Several analytical formulas are
obtained, and in particular we study the triple ferromagnetic layer case. We
also obtain the maximum current from the scattering matrix, and show that
it is consistent with the diagrammatic approach. A specific application is the
asymmetric S/F/I/S junction. The diagrammatic approach is also checked
with the matrix of scattering amplitudes method.

PACS numbers: 74.45+c, 74.78.Fk, 73.23.Ad

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In a hybrid superconductor/normal/superconductor (S/N/S) Josephson system at low
temperatures the flow happens by means of the Andreev reflection [1–3] mechanism, where an
electron incident from the metal side and energy in the superconducting gap is reflected from
the normal superconductor (NS) interface as a hole which has opposite charge, velocity and
spin, while at the same time a pair is transmitted in the superconductor. At low temperatures
they appear as current-carrying bound states of a multiply reflected electron–hole pair. The
momentum mismatch at energy E of the electron–hole pair and the phase shift due to branch
crossing processes determine these bound states [1, 3–6]. In the case of a ferromagnet in
contact with an s-superconductor, the electrons and reflected holes in the ferromagnet, due to
the opposite spins, get a Zeemann splitting from the exchange field Eex. Thus even for an
incident electron at the Fermi energy we have a momentum mismatch �p = 2Eex

vf
, which can

be significant since in general Eex � �. Thus, in an SFS junction, the relative phase increases
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with the width of the ferromagnet d as �� ∼ 2Eexd

h̄vf
for the ballistic case. The exchange field

leads to correlated pairs with nonzero total momentum and a significant decoherence in the
electron and retroreflected hole at the FS interfaces [7–11]. This loss of coherence will affect
phase sensitive quantities such as the spectrum of Andreev bound states and the supercurrent.

For clean interfaces and weak ferromagnets the basic mechanism of the bound states
involves two Andreev reflections. At one interface from electron to hole and vice versa at
the other interface forming a closed loop. Several analytic approximations can be obtained
for the discrete Andreev spectrum, using the Andreev approximation [3, 10–13] for a single
ferromagnetic layer if we neglect misfit between the bands in the layers, since we can neglect
normal scattering. The discrete Andreev spectrum gives the dominant contribution to the
supercurrent [4] for low temperatures. At higher temperatures the continuum spectrum must
also be considered, and both can be included using the approach based on Green’s functions
[14].

On top of this we must also consider the quality of the interface, which can act as a
normal potential, and the band misfit, which can lead to normal reflections. In general, we
expect that the supercurrent depends on the various interface scattering amplitudes. One can
develop a scattering matrix approach for the multilayer, in an iterative procedure, from which
the supercurrent can be calculated. It is equally useful, however, to determine which are the
important scattering processes and hope that the problem can be simplified in a systematic way
by focusing on the dominant paths. The interface potential considered here can be extended
to any potential which is homogeneous on the plane parallel to the interfaces, for which we
know or can calculate independently the scattering matrix amplitudes. We do not consider the
case of dirty junctions, which can be treated using quasiclassical Green’s functions [10, 11].

Hybrid systems containing superconducting and ferromagnetic elements are actively
studied experimentally with advances in junction preparation techniques. The effort is
for well-characterized interfaces between ferromagnet and superconductors to study spin-
dependent transport properties. Modern technologies for the preparation of layered structures
by molecular beam epitaxy (MBE) allow the deposition of clean atomic thickness layers [15].
This provides the possibility of studying the coexistence and competition of ferromagnetism
and superconductivity [10, 11]. In the S/F/S hybrid junction, an interesting experimental
observation is the π -junction behavior which was predicted long time ago for the case of
paramagnetic impurities [7] and observed experimentally [16–19]. The 0 − π transition has
also been studied theoretically in the clean [20–23] and diffusive [9, 24, 25] limit. The π

junction is not a property only in SFS junctions. It can arise even with a non-magnetic material,
by using nonequilibrium processes with a current injector in an appropriate geometry [26]
with voltage control. It can also arise between two anisotropic high Tc superconductors [11],
while along grain boundary junctions [27] one can have an interchange of 0 and π -junction
regions. It is also created between anisotropic cuprate superconductor and an isotropic s-wave
superconductor [28], while in a ramp junction of the same you can create π junctions at the step
corners [29, 30]. Finally, the effect of an external magnetic field or from small nanomagnets
[31] can also have a similar result. The case of a quantum dot between superconducting
electrodes with resonant transport is also receiving attention [11]. Here we only refer to the
case where the structure is layered.

Recently there has been strong interest in studying the effect of more than one layer and
in particular the case of antiparallel polarization of the exchange field in the two layers. This
is to see the effect on the dephasing and the conditions under which π -junction behavior
is observed. The case of disorder has been extensively treated using the Usadel equations
for the quasiclassical Green’s function with several interesting results about the existence of
π -junction for parallel or antiparallel exchange fields in the ferromagnetic layers. This is
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done for S/F/I/F/S [20, 32–34] and S/F/F/S [35] Josephson junctions. In the latter case,
the clean limit has also been considered for the collinear exchange field configuration. A
piecewise constant spatial variation of the exchange field [36, 37] has also been considered,
using a determinant expansion for the determination of the Andreev spectrum.

In this paper, we consider a multiferromagnetic layer with variable exchange fields and
interface scattering as well as different band parameters. We develop a diagrammatic approach
for both the determination of the Andreev bound states and the supercurrent, and obtain simple
analytic expressions. This is achieved by the summation of the multiple scattering processes
in a systematic way. This will indicate a selective summation of the important scattering
processes, as determined by the strength of the various interface scattering amplitudes. For
simplicity, we consider the problem in one dimension, but the diagrammatic approach is
easily extended to take into account 3D junctions. In section 2 we present the model for the
hybrid junction. In section 3 we sum all the closed scattering paths for the S/F/S junction
and derive an expression for the condition for the Andreev spectrum. For the development
of the method we also consider as an introduction the N/N/N/N junction. This gives all
the necessary ingredients to consider the double ferromagnet junction, for which we can
reproduce some analytic results in special limits. The summation of the closed paths is done
using combinatorial techniques as sketched in the appendix. In section 4 we summarize the
rules for dealing with a multilayer ferromagnet, and we apply them (in the appendix) to the
case of a triple layer (S/F/F/F/S). Equivalently one can use the total scattering matrix [23],
which is evaluated in the appendix. In section 5 we discuss the diagrammatic approach for the
current and compare with the scattering matrix approach (for the total Andreev amplitude).
This gives more physical insight than solving directly the Bogoliubov–de Gennes equations for
a single [22] or a multilayered ferromagnetic [36] junction. In the last section we summarize
our results.

2. The SL/IL/F1/IC/F2/IR/SR model

We consider a hybrid superconducting junction consisting of two bulk superconductors which
are in contact with two thin insulating (oxide) layers and are separated by a nonsuperconducting
region of total length d, which consists of n ferromagnetic layers Fi, i = 1, . . . , n of
thicknesses di correspondingly. The superconductors can be different, as well as the
ferromagnets. We assume a simple step-like spatial dependence of the order parameter,
with �(z) = �α(T ) eiφα with α = L,R for the left (z < 0) and right (z > d) superconductors
and vanishing elsewhere (� = 0 for 0 < z < d). The phase difference of the order
parameters is φ = φR − φL. The temperature dependence of the bulk superconducting gap
is �α(T ) = �0,α tanh

(
1.74

√
Tc,α/T − 1

)
. The ferromagnetic layers are described within

the Stoner model with the effective exchange energies Eex,i , i = 1, . . . , n with parallel or
antiparallel polarization to the junction interface. In the superconducting banks Vσ (z) = 0,
i.e. we neglect the effect of the ferromagnet, which can be the case if the insulating layer is
relatively strong. The exchange fields shift the Fermi levels of the two spin subbands and also
cause ordinary reflections at the SF interfaces due to the Fermi energy mismatch. Except the
exchange field misfit, the case of band parameter misfit is included.

In the absence of spin flip processes the two spin channels are decoupled for each set of
solutions (uσ (z), v−σ (z)), and the BdG equations are(

H0 + Vσ (z) �(z)

�∗(z) −[H0 + V−σ (z)]

) (
uσ (z)

v−σ (z)

)
= E

(
uσ (z)

v−σ (z)

)
. (1)
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The diagonal terms of the BdG equations are written in the effective mass approximation

H0 = −h̄2∇ 1

2m(z)
∇ + V (z), (2)

with uniform effective electron mass equal to mS in the superconducting and ferromagnetic
layers. All wavevectors will be normalized to the Fermi wavevector kF = ( 2mSEF

h̄2

)1/2
, with EF

being the uniform Fermi energy. Length is normalized to the coherence length ξ0. Thus in the
exponentials the dimensionless parameter κ = kFξ0 = 2

π
EF
�0

must be introduced.
The total potential consists of three terms V (z) = W(z) + U(z) − µ, where U(z) and

µ are the electrostatic and the chemical potential, respectively, which have different but
constant values in the layers of the junction. Scattering processes which are caused by the
S/F and F/F′ interface insulating layers are modeled by delta-barrier potentials of the form
W(z) = Zαδ(z − zα) for the two S/F interfaces at zL = 0, zR = d. The normal layer
interfaces Fi/Fi+1 have corresponding strengths Zi,i+1. In all cases the interface strength is
normalized to ZF = EF/kF, where the Fermi wavevector and energy are chosen in the left
superconductor. Since we examine the behavior of the junction in the ballistic limit, no other
scattering processes take place in the bulk of the layers due to disorder or spin-flip processes.

The BdG equations are easily solved in each layer and then matched at the interfaces. For
the superconducting regions (α = L,R) the solutions are

ψ±e
α (z) = exp[±iκkα,ez]

(
uα e+iφα/2

vα e−iφα/2

)
, (3)

ψ±h
α (z) = exp[∓iκkα,hz]

(
vα e+iφα/2

uα e−iφα/2

)
. (4)

Here ±e(h) indicates the electron (hole)-like quasiparticle moving to the right(+) or
left(−), uα = √

(1 + �α/E)/2 and vα = √
(1 − �α/E)/2 are the BCS amplitudes, and

�α = √
E2 − �2

α . The normalized wavevectors are

kα,p =
[

1 ± sign(E)
�α

EF

]1/2

. (5)

In the ferromagnetic regions (i = 1, . . . , n),

ψ±e
i (z) = exp[±iκqei,σ z]

(
1

0

)
, ψ±h

i (z) = exp[∓iκqhi,−σ z]

(
0
1

)
, (6)

with the normalized wavevectors in each layer

qei,σ =
[

1 +

(
E

EF
+ σηi

)]1/2

(7)

qhi,−σ =
[

1 −
(

E

EF
+ σηi

)]1/2

. (8)

We define the dimensionless exchange parameter ηi = Eex,i

EF
.

The scattering problem for the inhomogeneous structure has eight solutions when E > �,
which can be built up by combining the fundamental solutions in the different layers for a
homogeneous material. From the interface matching conditions we obtain a matrix equation
whose determinant, (E), will give us the Andreev bound states, when it vanishes. Here we
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will develop a diagrammatic approach for finding the analytic expression, which will permit
us to write  directly in terms of interface scattering amplitudes. The systematic procedure
to be followed also allows us to introduce several possible limits in a direct way, as will be
demonstrated in the following sections. The same determinant will arise in a scattering matrix
approach, entering in the denominator as a result of summing multiple interface scatterings.
The contribution of each diagram can be given in terms of the scattering amplitudes at F/F
and S/F interfaces, which are given in the appendices in 7.1 and 7.2 correspondingly.

3. Denominator Γ as a summation of all multiple scatterings

The terms of the denominator  can be interpreted by diagrams. One could start and count all
the possible closed loops in the scattering process. This is evident when one considers all the
scattering paths with multiple scatterings in the determination of the scattering matrix. Our
goal is to demonstrate that a diagrammatic approach can lead to closed and simple expressions
for the denominator which include only a few basic terms with closed diagrams, which when
expanded give all the possible paths. To develop the diagrammatic approach we will start
from a simple four-layer normal superlattice NL/N1/N2/NR where electrons and holes are
disconnected. This will make it possible to show the summation procedure. The next step is
to consider the simple S/F/S structure, where branch-crossing scattering processes make the
closed loops more complicated, and this requires higher order closed loops to be included in
the denominator. The procedure is extended to two intermediate ferromagnetic layers and then
generalized to n-ferromagnetic layers. As special cases we consider the two- and three-layer
structure in various limits to demonstrate that the diagrammatic approach is direct, once the
algorithm is implemented. The final result will be given in terms of the scattering amplitudes
for each interface separately.

3.1. The NL/N1/N2/NR case

To demonstrate the diagram summation procedure, we start from a simple example of a
junction consisting of four different non-superconducting regions labeled (L, 1, 2, R), with
different band and material properties, separated by three δ barriers of different strengths,
ZL,Z12 and ZR . The widths of the intermediate layers are d1 and d2 correspondingly.

We can separate the closed paths traveled by the particles inside the interior of the
junction according to the numbers of scattering events taking place at the outer barriers
(NL/N1, N2/NR). The summation over the closed paths includes all the multiple scatterings,
and the goal is to express the total amplitude

(∼ 1


)
in a closed form with  = 1 − γ . This

means that we want to determine which closed paths contribute to γ . Thus, we will examine
the sequence

1

(1)
→ 1

(2)
→ 1

(3)
→ 1

(4)
· · · → 1

(n)
, (9)

where 1
(n) includes closed loops with up to n reflections at the outer interfaces, i.e. for the sum

of the powers in [(rL1)
′]n1 [r2R]n2 , we have n1 + n2 � n. In the limit n → ∞, we have

1


≡ 1

1 − γ
= lim

n→∞
1

(n)
. (10)

First, we have two processes which have only one scattering event on the left or right
outer barrier, which contribute to the amplitude by the factors

xN1 = ((rL1)
′ eiqd1)(r12 eiqd1) = (r̃L1)

′r̃12

xN2 = ((r12)
′ eiqd2)(r2R eiqd2) = (r̃12)

′r̃2R,
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21

12

41

32

21

1’2’

Figure 1. Processes xN1, xN2, xN3 and xN1xN2. The numbers next to the arrows indicate the order
of propagation. The symbol (•) indicates an ordinary reflection, (◦) indicates transmission (from
both sides) and the (�) indicates that the interface is inactive. The layers are labeled L, 1, 2, R

from bottom up.

as seen in the first two columns of figure 1. In the above, we also include in the tilted scattering
amplitudes the propagation factors. We use the convention (to be followed from now on) that
the propagation factor is from the free propagation prior to the scattering event, i.e. in the
unprimed amplitude the layer index (di) matches the first index in the amplitude, while in the
primed it matches the second index. So the expansion to first order in the scattering events at
the outer interfaces is

1

(1)
= 1 + xN1 + xN2.

The term xN1 (in layer N1) has a scattering event at the left interface and no scattering event
at the right interface. We will call the left interface active, symbolized with •, and the right
inactive, symbolized with �. For the loop xN2 (in layer N2), the right interface is active and
the left is inactive.

Next, consider the loops which consist of two reflections at the outer interfaces, involving
(r̃L1)

′ or r̃2R . We have four possible loops with relative amplitudes

x2
N1 = ((r̃L1)

′r̃12)((r̃L1)
′r̃12)

x2
N2 = ((r̃12)

′r̃2R)((r̃12)
′r̃2R)

xN1xN2 = ((r̃L1)
′r̃12)((r̃12)

′r̃2R)

xN3 = (r̃L1)
′(t̃12)

′r̃2Rt̃12.

(11)

The last term xN3 (third column in figure 1), although it is strictly speaking a second-order
process, cannot be decomposed into a product of first-order processes, and for this reason we
will call it a basic process along with xN1 and xN2. Now the expansion to second order is

1

(2)
= 1 + xN1 + xN2 + xN3 + x2

N1 + x2
N2 + xN1xN2.

We can rewrite this as
1

(2)
= 1 + (xN1 + xN2 + xN3 − xN1xN2) + x2

N1 + x2
N2 + 2xN1xN2

= 1 + γ + x2
N1 + x2

N2 + 2xN1xN2,

where

γ = xN1 + xN2 − (xN1xN2 − xN3), (12)
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while the term x2
N1 + x2

N2 + 2xN1xN2 will be included as part of γ 2. Considering all multiple
scattering events and similar rearrangements as above (see appendix in A.3), we are able to
complete exactly all powers of γ , so that

1


= 1 + γ + γ 2 + · · · = 1

1 − γ
. (13)

Thus we see that the contribution in the denominator of  comes from the basic processes
xN1, xN2 (first-order scattering), xN3 (second-order scattering), and the secondary process
xN1xN2, but with a negative sign. In the last two diagrams of figure 1, the intermediate
interface is connected to both (outer) neighboring interfaces and is named doubly linked,
while in the first two diagrams it is connected only to one of the outer interfaces and is called
singly linked. Finally, the contribution of the two diagrams in  can be described by

xN1xN2 − xN3 = (r̃L1)
′r̃2R(r̃12(r̃12)

′ − t̃12(t̃12)
′) = (r̃L1)

′r̃2RgN12,

where we associate

gN12 = r̃12(r̃12)
′ − t̃12(t̃12)

′, (14)

with the double-linked N1/N2 interface.
With the same procedure one could reproduce the denominator if the carriers in the normal

regions would be holes. To distinguish electrons from holes we use a superscript e, h and
draw paths traveled by holes with dashed lines. Consider now that electrons and holes both are
present in a metal and solve the problem with no coupling between them. The denominator
of this system is

1


= 1

(1 − γ e)(1 − γ h)
. (15)

We discussed this simple case in detail only to demonstrate the practical steps which will be
followed in the more complicated case, where the outer layers are superconducting and will
couple electrons and holes in the intermediate layers.

3.2. The S/F/S case

If we assume now that the outer regions (L,R) are in the superconduncting state, new scattering
possibilities arise. Andreev processes can take place, that is, electrons can be scattered into
holes and vice versa. Let us examine first the S/F/S junction. Again we consider the closed
diagrams. The processes consist now from two or four reflections at the SF interfaces, where
they can be either normal (e → e, h → h) or Andreev (e → h, h → e). The loops with
two scattering events are shown in figure 2, where now we consider in parallel electron
(continuous lines) and hole (dashed lines) propagation. At each interface, we introduce two
vertices that describe scattering events of incident electrons and holes correspondingly. The
vertices on the same interface are connected with the Andreev process. To denote that a
vertex is Andreev reflection active we use the symbol

⊗
. In the first (second) diagram, we

have normal electron (hole) reflections with inactive vertices at the hole (electron) side. Their
corresponding contributions are x1 and x2. Note that the auxiliary quantities xi for i = 1, 2, . . .

have a different definition here than the corresponding xNi defined in the N/N/N/N case. The
other two diagrams in figure 2 correspond to Andreev reflections at the two interfaces and
give the contributions x3 and x4. This is demonstrated by the horizontal lines that connect the
electron and hole paths to the left and right of the vertical dashed line.
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21 21 1 2 2 1

Figure 2. Lowest order diagrams, x1, x2, x3 and x4, with two scattering events at S/F interfaces.

In the S/F/S geometry, the closed loops connect both outer interfaces (even number
of reflections) and (n) has only even indices. Thus we can approximate the denominator
expansion to lowest order with

1

(2)
= 1 + x1 + x2 + x3 + x4,

where

x1 = b̃eLb̃eR, x2 = b̃hLb̃hR, (16)

x3 = ãeRãhL, x4 = ãhRãeL, (17)

with the tilted scattering amplitudes given by the corresponding untilted amplitudes, like apα

defined in the appendix for an S/F interface, multiplied by the preceding propagation factor
as previously. Thus the propagation factors are e2iSe (e−2iSh), for x1(x2) correspondingly and
ei(Se−Sh) for x3 and x4, with Se(Sh) being the electron (hole) propagation phases. The terms
x1 and x2 that correspond to normal reflections have no φ dependence, while in the Andreev
processes x3(x4) the phase enters as eiφ(e−iφ) correspondingly, with φ = φR − φL being the
phase difference between the two superconductors.

The next-order expansion of the denominator is

1

(4)
= 1 + x1 + x2 + x3 + x4 + x5 + x6 + x2

1 + x2
2 + x2

3 + x2
4 + x1x2 + x3x4

+ x1x3 + x3x1 + x1x4 + x4x1 + x2x3 + x3x2 + x2x4 + x4x2, (18)

where

x5 = b̃eRãeLb̃hRãhL, x6 = ãeRb̃hLãhRb̃eL. (19)

The x5, x6 are basic processes since they cannot be decomposed into lower order processes.
The term x1x3 appears also as x3x1 because they correspond to different closed loops (see
columns 2 and 3 in figure 3), which is the case for all products in (18) except x1x2 and x3x4,
which involve electron and hole acting simultaneously. Thus we can rewrite (18) as

1

(4)
= 1 + x1 + x2 + x3 + x4 + x5 + x6 − x1x2 − x3x4 +

4∑
i,j=1

xixj

= 1 + γ +
4∑

i,j=1

xixj . (20)
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2’21 1’ 21 43 21 43

Figure 3. Processes x1x2, x1x3, x3x1.

2’21 1’ 2’1 1’ 2 421 3 241 3

Figure 4. Processes x1x2, x3x4, x5, x6. The double (continuous and dashed) line denotes Andreev
processes in both directions with incident electron and hole.

Defining γ in this problem as

γ = x1 + x2 + x3 + x4 − (x1x2 + x3x4 − x5 − x6) ≡ γ2 + γ4, (21)

where the processes in γ4 (four scattering events) x1x2, x3x4, x5, x6 are shown in figure 4. The
full expansion of the denominator is

1


= 1 + γ + γ 2 + · · · = 1

1 − γ
, (22)

where we completed the γ 2 term by including the summation term in (20) along with higher
order terms. In the appendix (see appendix A.4), we show that such a rearrangement is possible
for each power of γ . These diagrams have also been shown in [23], where they are identified
as first-order transport processes, when expanding the denominator.

So to calculate γ one must take into account all loops, which have at most one scattering
event at each vertex at the S/F interfaces. The loops that must be taken into account and
are not basic (such as x1x2 and x3x4) have a sign, which is given by (−1)ν−1, where ν is the
number of the basic loops from which they are made up (ν = 2 for these cases).

The processes in figure 4 can be summed with the appropriate signs in the form

γ4 = −(x1x2 + x3x4 − x5 − x6) = gLgR,

with

gα = b̃eαb̃hα − ãeαãhα, α = L,R, (23)

where gL(gR) are associated with the left(right) S/F interface, and even though they do not
correspond to closed loops, when taken separately, they do so when taken as the product gLgR .
In that case they are the summation of four closed loops. Thus we will see that in the case of a



12838 V Paltoglou et al

21 21

1’2’ 2 1

21421 3

Figure 5. Examples of processes with one (column 1) and two (columns 2–4) active S/F vertices.

multilayer ferromagnet when both vertices (at electron and hole paths) at an SF interface are
active, the combination that appears in  for the loops is gL(gR) for the left(right) interface.
Of course, they must be multiplied by the appropriate amplitudes to give closed loops. This
combination gives no φ dependence which would arise only from Andreev reflections, but in
this case is canceled because we have both processes of electron and hole Andreev reflections.

3.3. The SL/F1/F2/SR case

Now with these tools we want to construct directly  for an S/F/F/S junction. This will
give the possibility of substituting in the place of the F/F interface scattering amplitudes those
for more complicated intermediate structures. First, we categorize the diagrams that must be
taken into account by the number of S/F vertices, which are active. There are four categories
according to 1, 2, 3 or 4 vertices being active, so we can write

1


= 1

1 − (γ1 + γ2 + γ3 + γ4)
.

When only one vertex at an S/F interface is active (see figure 5 (column 1) for an example),
the intermediate F/F vertices are single-linked, so that γ1 is equal to

γ1 =
∑

p

b̃pLr̃
p

12 +
∑

p

b̃pR

(
r̃

p

12

)′
, (24)

with the first (second) terms involving normal reflections at L(R) S/F interfaces for p = e, h.
The case of two active vertices has two possibilities, i.e. both active vertices are at one

S/F interface (contributing gL or gR), or one vertex at each interface is active. Thus we have

γ2 = −gLr̃e
12r̃

h
12 − gR

(
r̃ e

12

)′(
r̃h

12

)′ −
∑

p

b̃pLb̃pRg
p

N12 −
∑

p

b̃pLb̃p̄Rr̃
p

12

(
r̃

p̄

12

)′

+ ãhL

(
t̃ h12

)′
ãeRt̃ e12 + ãeL

(
t̃ e12

)′
ãhRt̃h12, (25)

where p̄ = h, e correspondingly for p = e, h. The signs are consistent ((−1)ν−1) for the
terms that involve products of ν basic loops.

In the first term in (25) both intermediate vertices (in the electron and hole paths) are
singly linked, i.e. only to the left S/F interface (for an example, see column 2 in figure 5), while
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Figure 6. Andreev reflection processes with two active S/F vertices.

in the second term both intermediate vertices are singly linked with the right S/F interface.
Note that gL must be multiplied by r̃ e

12r̃
h
12 to form closed loops for both terms in gL.

In the second case, one intermediate vertex is doubly linked (third term in (25)),
contributing g

p

N12 if both S/F vertices are on the same side (electron or hole paths), as in
column 3 of figure 5 for the electron path, or both intermediate vertices (electron and hole) are
singly linked, each with a different S/F interface and therefore involve both electron and hole
paths. This corresponds to the fourth term in (25), one contribution to which is seen in column
4 in figure 5. For the last two terms in (25), as shown in the diagrams in figure 6, we have
two Andreev active vertices (one on each outer interface) and these terms are that give the φ

dependence in the denominator. In fact, it is this type of diagram that gives the φ dependence
in the denominator also for a multilayer ferromagnet.

For three active vertices (in γ3 ), one intermediate vertex is doubly linked and one singly,
with an example shown in column 1 in figure 7. Thus

γ3 =
∑

p

gLg
p

N12b̃pRr̃
p̄

12 +
∑

p

gRg
p

N12b̃pL

(
r̃

p̄

12

)′
. (26)

Finally, if four vertices are active then both intermediate vertices are doubly linked as shown
in column 2 of figure 7, so that

γ4 = −gLgRge
N12g

h
N12. (27)

In figures 5–7, we give examples of each group of diagrams that are involved in γ1, γ2, γ3, and
γ4. A careful inspection will show that to each column correspond several similar diagrams.
Thus in column 1 of figure 5 we have one loop of the four that make up the γ1 term. To the
next three columns of the same figure correspond 4 + 4 + 2 = 10 loops of γ2. To these we
must add the two loops in figure 6. In the first column of figure 7 correspond the 16 loops of
γ3 and in the second column the 16 loops of γ4. Thus the number of terms in γ has increased
significantly. Nevertheless, we have an analytic expression for the determination of Andreev
bound states (instead of a determinental form), and in special cases we can easily simplify
the expression from the properties of the individual interfaces. Two such cases are briefly
discussed in the following.
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Figure 7. Examples of processes with three (column 1) and four (column 2) active S/F vertices.

3.3.1. Transparent S/F interfaces. The special case of no band misfit and transparent
interfaces (ZL = ZR = 0) can be obtained in a simple analytic form if the exchange fields
are weak, so that in the pre-exponential terms, i.e. in the single interface scattering amplitudes
(untilted quantities in appendices A.1 and A.2), we set the normalized wavevectors equal
to unity. Then the scattering amplitudes at the S/F interfaces have no normal reflections
(bα,p = 0) and the Andreev amplitudes for energies in the gap are

aα,p = v

u
e∓iφα = e−iϕE e∓iφα , with cos ϕE = E

�
.

Thus all the closed paths that contain normal reflections in the S/F interfaces are omitted and
only the γ4 and several terms from γ2 contribute. Thus

 = 1 + gLr̃e
12r̃

h
12 + gR

(
r̃ e

12

)′(
r̃h

12

)′ − ãhL

(
t̃ h12

)′
ãeR t̃ e12 − ãeL

(
t̃ e12

)′
ãhRt̃h12︸ ︷︷ ︸

−γ2

+ gLgRge
N12g

h
N12︸ ︷︷ ︸

−γ4

,

where the first two terms in γ2 give

gLr̃e
12r̃

h
12 + gR

(
r̃ e

12

)′(
r̃h

12

)′ ≈ −R(e2i(qe1d1−qh1d1−2ϕE) + e2i(qe2d2−qh2d2−2ϕE)),

where we used

re
12r

h
12 ≈ (

re
12

)′(
rh

12

)′ ≈ Z2

4 + Z2
−→ R,

with R being the reflection coefficient with no misfit. The next two terms give the φ dependence
and sum to −2T ei(Se−Sh−2ϕE) cos φ, where we used the transmission coefficient for the middle
F/F interface (with no misfit),

t e12

(
th12

)′ ≈ (
t e12

)′
th12 ≈ 4

4 + Z2
→ T ,

and (Se − Sh) = (q1ed1 + q2ed2) − (q1hd1 + q2hd2) is the propagation phase. The last term
in (28) is approximated as −e2i(Se−Sh−2ϕE). Summing all terms and dividing by the coefficient
of T cos φ, we get from the vanishing of  the condition for the Andreev bound states,

cos(Se − Sh − 2ϕE) = R cos(�e − �h) + T cos φ,

where �p = qp2d2 − qp1d1 measures the propagation phase difference in the two layers
[24, 37].
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3.3.2. Double S/F interface barriers. The special case of no band misfit and transparent
F/F interface (ZL = ZR = Z and Z12 = 0) can be obtained in a simple analytic form if the
exchange fields are weak, so that again in the pre-exponential terms, i.e. in the single interface
scattering amplitudes (untilted quantities) we set the normalized wavevectors equal to unity.
The scattering amplitudes at the S/F interfaces (bα,p and aα,p) are given in the appendix. Of
course, r

p

12 = (
r

p

12

)′ = 0, so that we have no contribution from γ1 and γ3, while we have unity

transmission, i.e. t
p

12 = (
t
p

12

)′ = 1. The nonzero contributions from γ2 and γ4 give

 = 1 −
∑

p

b̃pLb̃pRt̃
p

12

(
t̃
p̄

12

)′ − ãhL(t̃h12)
′ãeRt̃ e12 − ãeL

(
t̃ e12

)′
ãhRt̃h12 + gLgR

(
t̃ e12

)′
t̃ e12

(
t̃ h12

)′
t̃ h12

= 1 − b2
e e2iSe − b2

h e−2iSh − 2a0ha0e cos φ ei(Se−Sh) + (bebh − a0ha0e)
2 e2i(Se−Sh), (28)

where the propagation phases are shown explicitly, the parameters be, bh are those given in
the appendix in (A.8), (A.9) and a0e, a0h are given in (A.7), without the phase-dependent
exponential factors, i.e. a0e = ae(φ = 0). In all cases, we use the approximations in this
section and one can show that at an S/F interface

(bebh − ahae) = 1

γSF

[(ke − qe + iZ)(kh − qh − iZ)u2 − (ke + qh + iZ)(kh + qe − iZ)v2]

≈ 1

γSF

[Z2(u2 − v2) − 4v2], (29)

where γSF is given in (A.10) with the approximations in this section. Dividing the expression
for  by 1

γ 2
SF

32u2v2 ei(Se−Sh) (the coefficient of cos φ) we get from  = 0, the equation that

determines the Andreev bound states [36],

cos φ = cos(Se − Sh − 2ϕE) − Z4

4
sin2 ϕE cos(Se − Sh) + Z2 sin ϕE sin(Se − Sh − ϕE)

+
Z2

4
sin2 ϕE[(Z2 − 4) cos(Se + Sh) − 4Z sin(Se + Sh)]. (30)

4. Multilayer ferromagnet

The above procedure can be extended to a multilayer ferromagnet. In this case, when three or
more layers are included, we must consider the possibility of closed loops with no active S/F
interfaces. For example, for three layers these are shown in figure 8. These loops are included
in the term γ0, which must be added to the denominator . Thus in this case,  can be written
as

1


= 1

1 − (γ0 + γ1 + γ2 + γ3 + γ4)
. (31)

The closed loops with no active vertices at the S/F interfaces give

γ0 = (
r̃ e

12

)′
r̃ e

23 +
(
r̃h

12

)′
r̃h

23 − ((
r̃ e

12

)′
r̃ e

23

)((
r̃h

12

)′
r̃h

23

)
, (32)

where the last term is the product of two basic loops, leading to the minus sign. Of course, for
more layers there arise a large variety of such loops, which must be included also in higher
order active S/F interfaces. Care again must be taken whether the closed loop is a basic
process (as defined earlier) or a compound process in order to determine the proper sign.

In this procedure, the denominator is expressed in terms of the scattering amplitudes of FS
barriers (apα, bpα , for p = e, h and α = L,R) and the Fi/Fi+1 barriers (ri,i+1, ti,i+1, r

′
i,i+1, t

′
i,i+1

for i = 1, . . . , n − 1). As an example, we explicitly work out the summation of the closed
loops for the three layer ferromagnet in terms of (ri,i+1, ti,i+1, r

′
i,i+1, t

′
i,i+1 for i = 1, 2) and show
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Figure 8. Closed loops that contribute to γ0.

that it reduces to the result of the two-layer but with the (r1,3, t1,3, r
′
1,3, t

′
1,3) amplitudes. The

details are shown in appendix 7.5, using only the diagrammatic procedure along with proper
rearrangement.

The procedure can be summarized in the simple rules as follows.

(a) To calculate γ , one must take into account all loops, which have at most one scattering
event at each vertex at the S/F interfaces.

(b) The loops that must be taken into account and are not basic have a sign, which is given
by (−1)ν−1, where ν is the number of the basic loops from which they are made up.

(c) When both vertices (at electron and hole paths) at an SF interface are active, the
combination that appears in  for the loops is gL(gR) for the left(right) interface.

(d) With each doubly linked (to neighbors) vertex at an intermediate interface (Fi/Fi+1) we
associate the vertex quantity g

p

N,i,i+1 for p = e(h) correspondingly for the electron (hole)
vertex.

(e) In any term in γ , we include closed paths with at most one loop in each ferromagnetic
layer for a given particle. This allows for two loops in the same layer, only if they are one
on the electron and the other on the hole paths. This rule will be used in the following.

Equivalently, we can achieve the same if we split the problem in three steps.

(a) Find  for an SL/F1/Fn/SR junction with two ferromagnetic layers, in terms of the
individual interface scattering amplitudes as in the previous section.

(b) In the place of the F1/Fn barrier, we introduce (n − 2) ferromagnetic layers. Then
we determine iteratively the total scattering amplitudes (r1,n, t1,n, r

′
1,n, t

′
1,n) for the n

ferromagnetic layers with the individual interface amplitudes (ri,i+1, ti,i+1, r
′
i,i+1, t

′
i,i+1 for

i = 1, n − 1).
(c) Introduce the results of (b) in (a).

This approach will be followed in the calculation of the total scattering amplitude matrix
in the appendix (see appendix A.6). The same quantity  will enter but in a more complicated
way. Nevertheless, we will use that derivation for the calculation of the supercurrent toward
the development of a diagrammatic procedure for the current.
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5. Josephson current

The current will be calculated from Green’s function approach of Furusaki and Tsukada [14],
which includes both the discrete spectrum and the continuum contributions

I = e

2h̄
kBT

∑
ωn,σ

�L

�nL

(keL + khL)

(
AeL

keL

− AhL

khL

)
, (33)

where the sum is over the Matsubara frequencies ωn = (2n+1)πkBT /h̄ for n = 0,±1,±2, . . .

and the expression is evaluated using the analytic continuation E + i0+ → ih̄ωn, so that
�L → i�nL. The formula takes into account the degeneracy between left-going electron and
right-going hole and the same for the opposite directions, while there is also a summation
over spins, since the exchange field splits the energy levels. The quantities AeL and AhL

are the Andreev amplitudes for electron and hole correspondingly incident from the left
superconductor and are given by the off-diagonal elements of the matrix R̂L→R in the appendix.
To calculate the current from (33) we must evaluate

AeL

keL

− AhL

khL

. (34)

We will evaluate this expression using the scattering amplitudes for the S/F1/Fn/S case, since
it can be generalized to any number of ferrolayers by using the composition rules for t

p

1n and(
t
p

1n

)′
in appendix A.6.3. While each Andreev amplitude is a complicated expression, the

combination in (33) leads to cancelations from the two terms and great simplification in the
numerator of this expression. The denominator is proportional to , as defined in the S/F/F/S
case, taking into account the analytic continuation at the Matsubara frequencies.

After some algebraic manipulation and using the identities

a∗
eL

keL

− a∗
hL

khL

= 0 (35)

deL

c∗
eL

keL

− ceL

d∗
hL

khL

= 0 = chL

d∗
eL

keL

− dhL

c∗
hL

khL

(36)

aeL

(
chL

c∗
eL

keL

− dhL

d∗
hL

khL

)
+ ahL

(
deL

d∗
eL

keL

− ceL

c∗
hL

khL

)
= 0, (37)

we derive for the expression

AeL

keL

− AhL

khL

= ãeRt̃ e1n

(
t̃ h1n

)′
(

c̃hL

c∗
eL

keL

− d̃hL

d∗
hL

khL

)
1



+ ãhR

(
t̃ e1n

)′
t̃ h1n

(
d̃eL

d∗
eL

keL

− c̃eL

c∗
hL

khL

)
1


. (38)

This expression includes the possibility of n-ferromagnetic layers, which enter through the
transmission amplitudes of electrons and holes across the ferromagnetic layers to the right(
t e1n, t

h
1n

)
, and in the opposite direction

((
t e1n

)′
,
(
th1n

)′)
. The terms that contribute in (38) to first

order (proportional to aeR or ahR) are described by the diagrams in figure 9, if we neglect the
expansion of .

5.1. Diagram summation for supercurrent in SFS

In the previous paragraph the current was obtained from the scattering matrix, but the same
could be obtained from the diagrammatic approach. We will try to do it by examining the
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Figure 9. First-order processes that contribute to the current for the S/F/F/S structure.
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Figure 10. First-order processes, for electron-like incidence, contributing proportional to
M1, M2,M3, M4.

single-ferromagnetic layer for simplicity (i.e. setting t̃
p

1n = (
t̃
p

1n

)′ ≈ 1 and r̃ e
1n = (

r̃h
1n

)′ ≈ 0).
Again we order the diagrams according to the number of interior reflections (normal or
Andreev). In figure 10, we give the first-order diagrams (proportional to apR or bpR with
p = e, h) for electron-like incidence, which in terms of scattering amplitudes are

M1 = d̃eLb̃eR

c∗
eL

keL

≡ y1
c∗
eL

keL

, M3 = c̃hLãeR

c∗
eL

keL

≡ y3
c∗
eL

keL

,

M2 = c̃hLb̃hR

d∗
eL

keL

≡ y2
d∗

eL

keL

, M4 = d̃eLãhR

d∗
eL

keL

≡ y4
d∗

eL

keL

.

Note that there are also zero-order diagrams with direct Andreev reflections for incident
electron-like and hole-like quasiparticles, giving correspondingly contributions a∗

eL

keL
and − a∗

hL

khL

so that their sum vanishes due to (35).
In figure 11, we give the first-order diagrams (proportional to apR or bpR with p = e, h)

for hole-like incidence, which in terms of scattering amplitudes are

M ′
1 = c̃eLb̃eR

d∗
hL

khL

≡ y ′
1
d∗

hL

khL

, M ′
3 = d̃hLãeR

d∗
hL

khL

≡ y ′
3
d∗

hL

khL

.

M ′
2 = d̃hLb̃hR

c∗
hL

khL

≡ y ′
2
c∗
hL

khL

, M ′
4 = c̃eLãhR

c∗
hL

khL

≡ y ′
4
c∗
hL

khL

.

Note that from the balance conditions (36) we have M1 = M ′
1 and M2 = M ′

2.
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Figure 11. First-order processes, for hole-like incidence, contributing proportional to M ′
1,M

′
2,

M ′
3, M

′
4.

Figure 12. Auxiliary diagrams z1, z2, z3, z4.

Summation of the eight first-order diagrams above with the appropriate sign for the
particles, and the balance conditions (36), gives

(M1 + M3) − (M ′
1 + M ′

3) + (M2 + M4) − (M ′
2 + M ′

4) =
(

c∗
eL

keL

y3 − d∗
hL

khL

y ′
3

)

+

(
d∗

eL

keL

y4 − c∗
hL

khL

y ′
4

)
,

which is the first term in the current if one expands , i.e. omitting multiple internal reflections,
so that

I (1) = e

2h̄
kBT

∑
ωn,σ

�L

�nL

(keL + khL)

[(
c∗
eL

keL

y3 − d∗
hL

khL

y ′
3

)
+

(
d∗

eL

keL

y4 − c∗
hL

khL

y ′
4

) ]
. (39)

The number of the next-order (in the reflections) diagrams, which correspond to paths
(not necessarily closed) that contribute to the current is 16 for electron-like incidence and 16
for hole-like incidence. Using the auxiliary functions zi; i = 1, 2, 3, 4,

z1 = ãhLb̃hR, z2 = ãeLb̃eR, z3 = b̃hLãeR, z4 = b̃eLãhR,

with the corresponding diagrams in figure 12 and the closed-loop diagrams xi; i = 1, 2, 3, 4
(defined in section 3.2 where we calculate the SFS denominator) the contribution to third order
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is proportional to

N3 = c∗
eL

keL

((x1 + x3)(y1 + y3) + (z1 + z3)(y2 + y4))

+
d∗

eL

keL

((x2 + x4)(y2 + y4) + (z2 + z4)(y1 + y3))

− d∗
hL

khL

((x1 + x3)(y
′
1 + y ′

3) + (z1 + z3)(y
′
2 + y ′

4))

+
c∗
hL

khL

((x2 + x4)(y
′
2 + y ′

4) + (z2 + z4)(y
′
1 + y ′

3)),

which can be simplified to

N3 = (x1 + x2 + x3)

(
c∗
eL

keL

y3 − d∗
hL

khL

y ′
3

)
+ (x1 + x2 + x4)

(
d∗

eL

keL

y4 − c∗
hL

khL

y ′
4

)
, (40)

by using the balance conditions and the following identities:

x2y3 = b̃hLb̃hRãeRc̃hL = z3y2

x2y
′
3 = b̃hLb̃hRãeRd̃hL = z3y

′
2

x1y4 = b̃eLb̃eRãhRd̃eL = z4y1

x1y
′
4 = b̃eLb̃eRãhRc̃eL = z4y

′
1.

And finally using (37), the current up to third order is

I (3) = e

2h̄
kBT

∑
ωn,σ

�L

�nL

(keL + khL)(1 + γ2)

[(
c∗
eL

keL

y3 − d∗
hL

khL

y ′
3

)
+

(
d∗

eL

keL

y4 − c∗
hL

khL

y ′
4

) ]
,

(41)

where γ2 = (x1 + x2 + x3 + x4) is defined earlier in the S/F/S case.
One could sum all the orders as for the determination of the closed loops in the bound

states to obtain consecutively from the diagram summation

(1 + γ + γ 2 + · · ·)
(

c∗
eL

keL

y3 − d∗
hL

khL

y ′
4 +

d∗
eL

keL

y4 − c∗
hL

khL

y ′
3

)

≡ 1

1 − γ

(
c∗
eL

keL

y3 − d∗
hL

khL

y ′
4 +

d∗
eL

keL

y4 − c∗
hL

khL

y ′
3

)
, (42)

with γ given in (21). The same result is obtained from the scattering matrix method in (33).
We should also note that some of the diagrams in N3 are open but they cancel out and do not
contribute to the current expression.

Finally, combining (33), (42) and the expressions in the appendix for the SL/F interface
parameters we find the expression

I = e

2h̄
kBT

∑
ωn,σ

4D

γLγR

ei(qe−qh)d sin φ, (43)

with

D = −2(2iqe)(2iqh)(keL + khL)(keR + khR)uLvLuRvR,

and all the quantities are expressed in the Matsubara frequencies with the analytic continuation
E + i0+ → ih̄ωn.  for the S/F/S structure is given by (22), (21) and the γL and γR are the
denominators in the scattering amplitudes given in (A.10).

To demonstrate the usefulness of the diagrammatic approach we consider the following
two cases: (i) strong interface scattering in SIFIS and (ii) of perfect interface between the left
superconductor and the ferromagnet (SFIS).



A diagrammatic approach for a clean multiferromagnetic Josephson junction 12847

0 10 20 30 40 50 60

0

0.01

0.02

0.03

0.04

35.74 35.75

0

0.01

κd

I 
 / 

I
c

0

Figure 13. Normalized critical current versus κd for Z = 10, h = 0.1. Solid curve is the result of
the full diagrammatic contribution, while the dotted line is the approximation  ≈ (1−x1)(1−x2).
The other parameters are chosen t = T/Tc = 0.1.

5.2. Resonance for strong interface scattering

The case of strong interface potentials [38] (taken equal, i.e. ZL = ZR = Z) means that the
normal reflection processes are important, so that the denominator can be approximated by

 ≈ 1 − x1 − x2 + x1x2 = (1 − x1)(1 − x2).

This means that for not very strong exchange field, the resonances due to the potential well will
dominate the critical current. Thus in figure 13 we show the critical current (absolute value) as
a function of the ferromagnet width κd, and we see a series of peaks, whose separation varies
periodically. Across each peak there is a transition from 0-to-π junction [38], or vice versa,
so that between the peaks we have the 0-junction and on either side π -junction behavior. The
width in d of 0 (or π ) junction varies roughly with a period determined by Se − Sh = π . Thus
the envelope has the same periodicity as the Z = 0 case for the same exchange field. In the
lower part of the figure, we plot separately Re(1 − x1) (dotted line) and Re(1 − x2) (dashed
line) at E = 0 for one spin channel, and we see for both curves a series of sharp dips within
10−4 above zero at the minimum, at which the imaginary part also vanishes. Thus each time
a normal resonance of either particle with spin up or spin down approaches the Fermi level,
we have the triggering of the transition and we get a structured peak in the current [34, 38].
Note that if x1 is for a spin-up electron, then x2 is for a spin-down hole. The resonances for
electron and hole of the same spin essentially coincide. In the figure, the shift comes mainly
from the spin and not from the type of particle since h � �/EF. On top of this we see
that the coincidence of spin-up and spin-down (electron and hole) normal resonances leads
to a significant increase of the peaks. In the same figure, we compare the full result with the
approximation  = 1 − x1 − x2 + x1x2 = (1 − x1)(1 − x2), and we see that the two curves
are indistinguishable within the scale of that figure. This seems to be the case, except near
the peaks, where it is necessary to include the terms −x3 − x4 in the denominator as seen in
the inset, while the other terms make no important difference. In fact at the peak we have a
sharp dip at the point of transition. In the approximation (without x3 and x4) the transition is
direct (see dotted line in inset) without a second harmonic contribution, which exists in the
full denominator [19], even though the overall fitting of the critical current is quite good. The
terms −x3 − x4 are necessary only near the transition.
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Figure 14. Normalized critical current versus κd for ZR = 0.1 (a), 2.0 (b) for h = 0.1. Solid
curve is the result of the full diagrammatic contribution, while the dashed and dotted lines are the
approximations discussed in the text. The other parameters are chosen t = T/Tc = 0.1. Here d is
unnormalized length.

5.3. The S/F/I/S case

To see the effect of misfit due to the exchange field we also consider a normal metal (h = 0) in
the place of the ferromagnet (S/N/I/S). Even in the ferromagnet interlayer, for weak exchange
field but strong right interface scattering (ZR � 1) we can simplify the current expression.
In this case we have weak normal reflections (bpL) and strong Andreev reflection (apL) at the
left interface, while at the right interface we have strong normal reflection (bpR) and weak
Andreev reflection (apR). This means that the only significant term in the denominator  is
x5 which is of order unity and can be approximated as

x5 ≈ ãeLãhL → vL

uL

e2i(qe−qh)d .

The disadvantage of this approximation is that the contribution from the discrete spectrum
is very small, so that the critical current Ic ∼ sin φ, which is a result expected for strong
scattering. To improve this, one can also keep the processes x3 and x4 which give the cos φ

dependence in the denominator and some weak asymmetry. For strong ZR > 2, we can obtain
a simplified expression for the current by keeping only the x5 term in the denominator,

I = e

2h̄
kBT

∑
ωn,σ

8�2 sin φ

Z2
R

[
�2

n cosh
[(

h̄ωn

EF
− ihσ

)
κd

]
+ �nh̄ωn sinh

[(
h̄ωn

EF
− ihσ

)
κd

]] . (44)

This expression is valid everywhere except in the transition from 0-to-π junction or vice versa.
The other limit is when also the right interface is reflectionless (ZR → 0). Then all

normal reflections and branch crossing amplitudes vanish and the denominator becomes

 ≈ 1 − (x3 + x4) + x3x4.

In this case, we expect a stronger departure from the sin φ dependence of the current.
We verify the above in figure 14 where we plot the critical current as a function of dκ .

On the left of diagram Z = 0.1 and on the right Z = 2. In both cases the continuous line is
the result of the full diagrammatic contribution. The dashed line in the left (Z = 0.1) is the
approximation  ≈ 1 − (x3 + x4) + x3x4, which is quite close, while the addition of the x5

term (dotted line) coincides exactly with the exact result, implying that the normal reflection
terms are not significant for weak Z and h. On the left for stronger Z = 2.0, the dashed curve
is the approximation  ≈ 1 − x5, while the addition of the terms x3, x4 (dotted line) coincides
with the continuous line, except for the small amplitude oscillations at the top, which are due
to normal reflections with the period π/(qe + qh). In both plots, we observe the minima at
the same dκ values, determined by h, so that they correspond to Se − Sh = π/2, 3π/2 . . . ,
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Figure 15. Normalized critical current versus φL − φR for ZR = 0 (a), 0.1 (b) for h = 0 (upper),
0.05 (middle), 0.1 (lower). Solid curve is the result of the full diagrammatic contribution, while
the dashed line is the approximation  ≈ 1 − (x3 + x4) + x3x4. The other parameters are chosen
t = T/Tc = 0.1, d = 0.05 in units of ξ0.

i.e. to the transition points from 0-to-π junction. The dips are stronger and narrower for
increasing Z.

We check the above approximations also on the I (φ) curves in the following two figures.
In figure 15 for small ZR = 0.1 the approximation  ≈ 1− (x3 +x4)+x3x4, gives I (φ) (dotted
line) for Z = 0, 0.1, which is close to the exact result (full line). The result with the addition
of the x5 term coincides with that of the full denominator. The values of the exchange energy
are chosen, so that Se − Sh = 0 (top), π/2 (middle), π (bottom) and as expected I (φ) for the
top curve corresponds to 0 junction, the bottom to π junction and the middle to the transition
point.

In figure 16, where we see that for ZR > 2 the x5 term is sufficient in top (h = 0) and
bottom (h = 0.1) figure, which correspond to 0 and π junctions. The addition of the terms
x3, x4 in the dotted line is a small correction except in the middle figure where the exchange
field corresponds to the 0-to-π transition point. The three values chosen for the exchange field
correspond to a propagation phase Se − Sh = (qe − qh)κd ≈ 0, π, 3π

2 . The terms x1, x2, and
x6 which involve normal reflections at both interfaces give no important changes for the whole
range of ZR values. Of course as h, or ZR increases the interface scattering becomes more
significant, so that at high h the terms x1, x2, x1x2 and x6 should be taken into account. To
decide on this, one can look at the variation of the scattering amplitudes with h and ZR .

6. Summary

In this paper we developed a diagrammatic approach that is particularly suited to evaluate
the Andreev spectrum and the supercurrent in a multiferromagnetic S/F . . . F/S structure.
The spectrum can be derived as usual from the vanishing of the common denominator of the
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Figure 16. Normalized critical current versus φL − φR for ZR = 2 (a), 5 (b) for h = 0 (upper),
0.1 (middle), 0.15 (lower). Solid curve is the result of the full diagrammatic contribution, while
the dashed line is the approximation  ≈ 1 − x5 and the dotted line also includes the contribution
of φ-dependent terms. The other parameters are as in previous figure.

scattering amplitudes of the whole structure, which includes all the basic closed paths in the
internal layers between the two S/F interfaces. By the summation of all closed processes we
obtain the denominator, where only a small number of diagrams contribute, which however
increases with the number of ferromagnetic layers. In the end, we obtain a set of rules for
the direct construction of the condition for the bound states, using the scattering amplitudes
for each interface. This gives the possibility of deciding which are the dominant paths. The
approach can consider not only an inhomogeneous exchange field but also band mismatch,
and the relevant information is included in the interface scattering amplitudes. In fact, one
can include more general intermediate structures for which we can obtain the corresponding
scattering amplitudes.

We explicitly presented the method in several steps to demonstrate and clarify the
procedure. Thus we started from the trivial N/N/N/N junction, which guided us to introduce
the notion of basic and not basic electron (or hole) diagrams in order to sum them properly.
There we defined the vertex function g

p

N at intermediate interfaces, which is useful to group
diagrams and arises again in the following structures. Next we treated consecutively the cases
SIFIS, SIFIFIS, SIFIFIFIS using only diagrammatic arguments. In the last geometry (in the
appendix) by rearranging the different terms and with the help of auxiliary vertex or interface
functions we checked the procedure by the reduction IFI → I , i.e. we wrote the three-layer
denominator in the form of the two-layer but substituting the scattering amplitudes for the
structure IFI instead of I in the center. Of course, this is to be expected in a scattering matrix
approach and we consider it not only as a check but also as an indication of the versatility
of the method. Of course, we also checked the denominator with the one obtained from the
corresponding determinants in the scattering matrix. But we must stress that in our case it
is not necessary to evaluate the scattering matrix. From the Andreev amplitude of the whole
structure we obtain the supercurrent, for which we show the consistency of our diagrammatic
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procedure. The supercurrent can be expressed with only four diagrams plus the ones that enter
the denominator.

The advantage of our procedure is that it is direct and covers a general case. Also one can
make the approximations in a systematic way. This was demonstrated in the two special cases
treated, i.e. the strongly asymmetric SFIS, which is a structure of experimental interest and
the resonant SIFIS with strong barriers. In the first example, we saw that for strong ZR only
one path contribution (x5) is important. The possibility of 0 or π junction depends mainly on
the exchange field and not on the strength of the right interface scattering. The approximation
only with x5 is quite accurate for both the Andreev spectrum and the supercurrent. It fails only
near the 0 → π transition, where it is necessary to introduce the Andreev processes x3 and
x4. For weak interface ZR , it is the closed Andreev paths that are more important, which also
give asymmetry to the Ic(φ) curve. For the strong double barrier we reproduce earlier results
and demonstrate that the important diagrams are the normal scattering closed paths obtaining
a very simple expression. A fitting of the critical current is excellent except near the 0-to-π
transition, where we must also include the multiple Andreev reflections, which even though
they are weak they change qualitatively the behavior near the transition.

Thus there is a direct correspondence between the important physical effects and specific
basic diagrams. This leads not only to improvement of speed in numerical calculations, but
also to proper interpretation of the interplay of different scattering effects [5, 23]. Thus the
effect of interface normal scattering in the Andreev spectrum is more than the intermixing of
two normal reflections in the Andreev cycle for ideal S/F interfaces, like x3x2. While such
processes arise from the expansion in the denominator they do not arise in the condition for
the bound states.

One of the goals of future work is to examine whether there are significant band-like effects
in a multilayer junction in the case of narrow resonances. For weak transmission one expects
resonances to form bands. Such band structure effects have been observed experimentally in
the I–V characteristics of SINININIS-type junctions [39]. Of course, here we are interested
in the supercurrent enhancement through resonance coincidence. Also the diagrammatic
approach is easily extended to take into account 3D junctions. There the interest will be to
examine whether the phase-coherence survives for multilayers.

Appendix

A.1. Scattering amplitudes of the F/F interface

For the amplitudes from an Fi/Fi+1 interface we use the notation where i corresponds to the
left and i + 1 to the right ferromagnet, while the unprimed (primed) are for incidence from the
left (right) ferromagnet, and we have

r
p

i,i+1 = qpi − qp,i+1 ∓ iZi,i+1

qpi + qp,i+1 ± iZi,i+1
, (A.1)

t
p

i,i+1 = 2qpi

qpi + qp,i+1 ± iZi,i+1
, (A.2)

(
r

p

i,i+1

)′ = qp,i+1 − qpi ∓ iZi,i+1

qpi + qp,i+1 ± iZi,i+1
, (A.3)

(
t
p

i,i+1

)′ = 2qp,i+1

qpi + qp,i+1 ± iZi,i+1
(A.4)

as shown in figure 17.
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Figure 17. Definition of the scattering amplitudes for the F/F interfaces. Primed quantities
correspond for incidence from the right of the interface.
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Figure 18. Definition of the scattering amplitudes at the left S/F interface. The same holds for
the right S/F interface, with the starred amplitudes again corresponding for incidence from the
superconductor side.

A.1.1. Scattering matrix at an Fi/Fi+1 interface. For an interface (barrier strength Zi)
between two neighboring non-superconducting regions i and i + 1 the outgoing particles are
related to the incoming as follows:


χi,−e

χi,−h

χi+1,+e

χi+1+h


 =




re
i,i+1

(
t ei,i+1

)′

rh
i,i+1

(
thi,i+1

)′

t ei,i+1

(
re
i,i+1

)′

thi,i+1

(
rh
i,i+1

)′







χi,+e

χi,+h

χi+1,−e

χi+1,−h


 , (A.5)

which, using the spinor notation can be written as(
χi−

χ(i+1)+

)
=

(
r̂i,i+1 t̂ ′i,i+1

t̂i,i+1 r̂ ′
i,i+1

)(
χi+

χ(i+1)−

)
, (A.6)

where r̂i,i+1, r̂
′
i,i+1 are 2 × 2 reflection matrices and t̂i,i+1, t̂

′
i,i+1 2 × 2 transmission matrices and

the prime stands for incidence from the right-hand side of the interface. The subscripts ±p

denote right- or left-going p-particle.

A.2. Scattering amplitudes of the S/F interface

The analytical expressions for the scattering amplitudes from the S/F interfaces, are given
below and shown in figure 18. We use the convention that the unstared elements are for
incidence from the ferromagnet side and the stared (nothing to do with complex conjugation)
from the superconductor side. The two superconductors are indexed with α = L,R and the
corresponding neighboring ferromagnet with i = 1, n, in the case of n-ferromagnetic layers.
The Andreev (apα) and normal reflection (bpα) amplitudes for p = e, h-particle incidence
from the ferromagnet side are

apα = 2(keα + khα)qpiuαvα

γα

e∓iφα ≡ a0pα e∓iφα for p = e, h, (A.7)
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where in the exponential e∓iφα , the sign is ‘−’ (+) for incident electron (hole), with φα = ∓φ/2
(α = L,R),

beα = − (khα + qhi − iZα)(keα − qei + iZα)u2
α − (keα − qhi + iZα)(khα + qei − iZα)v2

α

γα

,

(A.8)

bhα = − (khα − qhi − iZα)(keα + qei + iZα)u2
α − (keα + qhi + iZα)(khα − qei − iZα)v2

α

γα

,

(A.9)

where we omitted the spin index from the wavevectors, but we should keep in mind that
the electron and the hole have opposite spins, and the amplitudes depend on the spin. The
denominator is given by

γα = (khα + qhi − iZα)(keα + qei + iZα)u2
α − (keα − qhi + iZα)(khα − qei − iZα)v2

α. (A.10)

Furthermore, we need the normal (cpα) and branch crossing (dpα) transmission amplitudes.
They are

cpα = 2qpiuα(kp̄α + qp̄i ∓ iZα)

γα

e∓iφα/2, (A.11)

dpα = 2qpivα(kpα − qp̄i ± iZα)

γα

e∓iφα/2. (A.12)

Finally, the stared coefficients for incidence from the superconductor side are

a∗
pα = −2(qei + qhi)kpαuαvα

γα

, (A.13)

b∗
eα = (khα + qhi − iZα)(keα − qei − iZα)u2

α − (keα + qhi − iZα)(khα − qei − iZα)v2
α

γα

,

(A.14)

b∗
hα = (khα − qhi + iZα)(keα + qei + iZα)u2

α − (keα − qhi + iZα)(khα + qei + iZα)v2
α

γα

,

(A.15)

c∗
pα = 2kpαuα

(
u2

α − v2
α

)
(kp̄α + qp̄i ∓ iZα)

γα

e±iφα/2, (A.16)

d∗
pα = 2kpαvα

(
u2

α − v2
α

)
(kp̄α − qpi ∓ iZα)

γα

e∓iφα/2. (A.17)

A.2.1. Scattering matrix for the right F/S interface. First we express the outgoing particles
at each side of an interface with respect to the incoming particles. In a compact matrix form,
for an FS interface, this yields


χN

−e

χN
−h

ψS
+e

ψS
+h


 =




be ah c∗
e d∗

h
ae bh d∗

e c∗
h

ce dh b∗
e a∗

h
de ch a∗

e b∗
h







χN
+e

χN
+h

ψS
−e

ψS
−h


 , (A.18)
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Figure 19. Processes which correspond to x2
N1xN3.

where the subscript +(−) stands for right(left) going particles, e(h) for electrons (holes) in the
non-superconducting region, which are characterized by the wavefunctions χN , or for electron
(hole)-like quasiparticles for the superconducting region, characterized by the wavefunctions
ψS . Introducing the two-dimensional spinors χN

± and ψS
±, the 2×2 reflection matrices (R̂, R̂∗)

and transmission matrices (T̂ , T̂ ∗) the previous equation can be written as(
χN

−
ψS

+

)
=

(
R̂ T̂ ∗

T̂ R̂∗

) (
χN

+

ψS
−

)
, (A.19)

where the unstared matrices connect the outgoing particles at each side with incoming particles
from the non-superconducting side and the stared with incoming quasiparticles from the
superconducting side.

A.3. The enumeration of diagrams for the NL/N1/N2/NR case

The choice for the closed diagrams that contribute in γ in (12) was done by considering only
the second-order expansion 1

(2) in the reflection amplitudes at the outer interfaces. One must
consider higher order terms in r̃ ′

L1 and/or r̃2R . A general nth-order term in the expansion 1
(n)

has the following form:

cm1,m2,m3x
m1
N1x

m2
N2x

m3
N3, (A.20)

where n = m1 + m2 + 2m3 is the total number of reflections at the outer interfaces (with
nl = m1 + m3 from the left and nr = m2 + m3 from the right) and cm1,m2,m3 is the number of
the different diagrams, which give the same contribution, i.e. the same product of scattering
amplitudes and will be determined below by simple combinatorics. This number must be
distributed in order to complete powers of γ in (13). The proper decomposition will be
verified below.

Consider for example the term c2,0,1x
2
N1xN3. As shown in figure 19 there are three

different diagrams which give the same contribution
(
x2

N1xN3
)
, where permutations between

same basic diagrams are not considered. This number (c2,0,1) is given by the combination of
the reflection events from the left-hand side at the intermediate interface (N1/N2) out of the
total events (reflection plus transmission ) from the left-hand side at the intermediate interface,
i.e. by the binomial

c2,0,1 =
(

2 + 1
2

)
. (A.21)

If we express xN1, xN2 and xN3 in terms of scattering amplitudes, then the total number of
scattering events at N1/N2 is given by the sum of the exponents of r̃12 and t̃12 and the number
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of reflections from the exponent of r̃12. Thus for a general term of the form x
m1
N1x

m3
N3 the number

of different diagrams is given by

cm1,0,m3 =
(

m1 + m3

m1

)
. (A.22)

Now if reflections take place only from the right side at the intermediate interface (m1 = 0
and m2 �= 0) which means that we examine terms of the form x

m2
N2x

m3
N3 the number of different

diagrams is given by

c0,m2,m3 =
(

m2 + m3

m2

)
. (A.23)

Combining the two, for the general term x
m1
N1x

m2
N2x

m3
N3, the number of different diagrams is given

by

cm1,m2,m3 =
(

m1 + m3

m1

) (
m2 + m3

m2

)
. (A.24)

We must compare this result with the one obtained from the expansion in powers of γ ,
using the multinomial expansions of the powers of γ in terms of the set of functions
(xN1, xN2, xN1xN2, xN3) and collection of the equivalent terms as x

m1
N1x

m2
N2x

m3
N3. Consider

for example the term x2
N1xN2xN3. This term has contributions from the 3rd power of γ as

x1
N1x

0
N2(xN1xN2)

1x1
N3 and the 4th power of γ as x2

N1x
1
N2(xN1xN2)

0x1
N3. Thus, in general,

defining m0 = min(m1,m2) and m̄0 = max(m1,m2) the total coefficient of a general term
x

m1
N1x

m2
N2x

m3
N3 is given by the sum

m0∑
i=0

(−1)m0−i (m̄0 + i + m3)!

(m̄0 − m0 + i)!i!(m0 − i)!m3!
, (A.25)

where the summation over i arises because we can combine xN1 and xN2 to make xN1xN2

factors or vice versa. The sign is determined from the sign of powers of xN1xN2.
Thus we must have

m0∑
i=0

(−1)m0−i (m̄0 + i + m3)!

(m̄0 − m0 + i)!i!(m0 − i)!m3!
=

(
m1 + m3

m1

)(
m2 + m3

m2

)
, (A.26)

which has also been checked numerically. Thus the general term x
m1
N1x

m2
N2x

m3
N3 can be distributed

appropriately so that we get the proper contribution to complete each higher power of γ ,
justifying the terms that contribute to γ , in (12).

A.4. The enumeration of diagrams for the SL/F/SR case

For the S/F/S case we proceed as in the previous appendix, except that now we have two
complications: (i) the electrons and holes in the ferromagnet are coupled due to Andreev
reflections, and (ii) more than one combination of basic diagrams in the 2nth-order expansion
(2n scattering events at the S/F interfaces) can give equivalent terms, i.e. the same product
of Andreev and normal reflection amplitudes. To demonstrate complication (ii) consider a
general closed loop, consisting of the basic processes x1, . . . , x6, which contributes to the
2nth-order expansion

x
m1
1 x

m2
2 x

m3
3 x

m4
4 x

m5
5 x

m6
6 , (A.27)

with m1 + m2 + m3 + m4 + 2m5 + 2m6 = n, since x5 and x6 have double scattering events at the
S/F interfaces. This can be expressed in terms of scattering amplitudes as

b̃
m1+m5
eR ã

m3+m6
eR b̃

m1+m6
eL ã

m4+m5
eL b̃

m2+m5
hR ã

m4+m6
hR b̃

m2+m6
hL ã

m3+m5
hL . (A.28)
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Since x5x6 and x1x2x3x4 are expressed by the same product of amplitudes, we can
rewrite (A.27) by transferring powers from x5x6 to x1x2x3x4 or vice versa. Thus there
are several products of basic diagrams which give the same as in (A.28), like

x
m1+k
1 x

m2+k
2 x

m3+k
3 x

m4+k
4 x

m5−k

5 x
m6−k
6 , (A.29)

where −mk � k � m0 with mk = min(m1,m2,m3,m4) and m0 = min(m5,m6).
The total number of the closed loops, of the form in (A.29), that gives the same contribution

as in (A.28) can be calculated by looking at the scattering events on each vertex (at S/F
interfaces). They are normal reflection of electrons (holes) and Andreev reflections from the
electron (hole) branch in the F region to the hole (electron) branch in the F region. The
possible paths are given by multiplying the combinations of normal reflections out of the total
(normal plus Andreev) for both interfaces (L or R) and types of particles (electrons or holes).
This gives the product of binomials(

(m1 + m5) + (m3 + m6)

m1 + m5

)
eR

(
(m1 + m6) + (m4 + m5)

m1 + m6

)
eL

×
(

(m2 + m5) + (m4 + m6)

m2 + m5

)
hR

(
(m2 + m6) + (m3 + m5)

m2 + m6

)
hL

. (A.30)

Equivalently, we can start from the power series of  with respect to γ , then summing
the appropriate factors by the multinomial expansion of the powers of γ with respect to the
set of functions x1, x2, x3, x4, x1x2, x3x4, x5, x6 which corresponds to the product in (A.27)
and (A.28). From the multinomial expansion of powers of γ we obtain terms like
x

(m1−i)
1 x

(m2−i)
2 (x1x2)

i , which are included in the coefficient of all paths that contain x
m1
1 x

m2
2 ,

and similarly for terms with x
(m3−j)

3 x
(m4−j)

4 (x3x4)
j .

The result after some tedious but simple algebra is

m0∑
k=−mk

mj +k∑
j=0

mi+k∑
i=0

(−1)mi+mj −i − j (m̄i + i + m̄j + j + m5 + m6)!

i!(m̄i − mi + i)!(mi − i + k)!j !(m̄j − mj + j)!(mj − j + k)!(m5 − k)!(m6 − k)!

(A.31)

where mi = min(m1,m2), m̄i = max(m1,m2),mj = min(m3,m4), m̄j = max(m3,m4) and
m0 = min(m5,m6). We have verified arithmetically that this sum is equal to the products of
the binomials in (A.30). Thus the closed path diagrams can be summed by rearrangement to
complete powers of γ , so that  has the form in (22), with γ given in (21).

A.5. SFFFS case

When we consider a junction with three intermediate ferromagnetic layers a new possibility of
closed loops arises, that is loops where all SF vertices are inactive. These loops are included
in the term γ0 in (32), which must be added to the denominator  in (31).

Next we examine the case where one SF vertex is active. If the electron vertex at the
left interface is active, then the second intermediate vertex at the interface (F2/F3) must be
disconnected from the right S/F interface, while all intermediate vertices on the hole path
are inactive. The first intermediate vertex (F1/F2) can either be disconnected from the F2/F3

interface or be connected to it, where the three loops shown can be summed to

b̃eL

(
r̃ e

12 − ge
N12r̃

e
23

) ≡ b̃eLf e
N12,
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where we defined the quantity f e
N12 = r̃ e

12 − ge
N12r̃

e
23. Considering all loops with one active SF

interface we have

γ1 =
∑

p

b̃pL

(
r̃

p

12 − g
p

N12r̃
p

23

)(
1 − (

r̃
p̄

12

)′
r̃

p̄

23

)
+

∑
p

b̃pR

((
r̃

p

23

)′ − g
p

N23

(
r̃

p

12

)′)(
1 − (

r̃
p̄

12

)′
r̃

p̄

23

)
=

∑
p

b̃pLf
p

N12
p̄

N1 +
∑

p

b̃pR

(
f

p

N23

)′


p̄

N1, (A.32)

where the summation over p includes also the similar loop for the hole and the second
summation comes from the right S/F interface and p̄ is defined previously. We use the short
hand notation

f
p

N12 = r̃
p

12 − g
p

N12r̃
p

23 (A.33)(
f

p

N23

)′ = (
r̃

p

23

)′ − g
p

N23

(
r̃

p

12

)′
, (A.34)

which vanish for the two layers and can be considered as including the closed paths that
connect the interface with the closest S/F interface. The quantity


p

N1 = 1 − (
r̃

p

12

)′
r̃

p

23, (A.35)

is the denominator for a three layer junction with normal leads (NL/N1/NR).
In (A.32) we considered only one loop in each layer for a given particle. The higher

order loops arise from the development of the denominator in powers of γ and therefore are
included. The correctness of this approach has been checked in two ways. First by computer
algebraic summation of the different closed paths and second by the evaluation of the total
scattering matrix. This is rule (e) stated earlier and we keep it all along. This rule enters
only when we deal with three or more ferromagnetic layers. Thus in the first (or second) term
in (A.32) we include the factor 

p̄

N1 = (
1 − (

r̃
p̄

12

)′
r̃

p̄

23

)
, which adds closed loops in the hole

path (for p = e) but not the factor 
p

N1 = (
1 − (

r̃
p

12

)′
r̃

p

23

)
which adds loops in the electron

path.
When two SF vertices are active we have again the same possibilities as in the previous

case. They are either both vertices at the same interface active or one vertex at each interface.
Again when they are on different interfaces they can be either on the same side (electron or
hole paths) or at different sides. Of course we also have the two loops which involve one
Andreev reflection at each interface. Let us examine the different groups of closed loops of
γ2. Suppose that both SF vertices at the left interface are active, then the second intermediate
vertices (F2/F3) at the electron and hole paths must be single linked and the first intermediate
vertices (at F1/F2) can either be doubly or single linked, so they can be described by f e

N12 or
f h

N12 for the electron or hole path correspondingly. The contribution of these kind of loops,
taking into account the signs, are

−gLf e
N12f

h
N12 − gRf e

N23f
h
N23.

Now when both SF vertices are active at the same side at each interface the two intermediate
vertices can either both be doubly linked or both be single-linked. The quantity that describes
the two active SF vertices on the same side is for this case

h
p

N = r̃
p

12

(
r̃

p

23

)′ − g
p

N12g
p

N23. (A.36)

Thus the contribution of these kind of loops in the denominator is∑
p

b̃pLb̃pRh
p

N .
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When the two active SF vertices are on different sides the contribution is∑
p

b̃pLf
p

N12b̃p̄Rf
p̄

N23. (A.37)

Considering also the two loops with Andreev scattering at the interfaces γ2 is

γ2 = −gLf e
N12f

h
N12 − gRf e

N23f
h
N23 −

∑
p

b̃pLb̃pRh
p

N
p̄

N1 −
∑

p

b̃pLf
p

N12b̃p̄Rf
p̄

N23

+ ãhL

(
t̃ h12

)′(
t̃ h23

)′
ãeRt̃ e23 t̃

e
12 + ãeL

(
t̃ e12

)′(
t̃ e23

)′
ãhRt̃h23 t̃

h
12. (A.38)

When three SF interfaces are active for the path, where both SF vertices are active the
intermediate vertices can either both be double or both single linked, and for the remaining SF
vertex one intermediate vertex is single linked and the other is either double or single linked.
Thus the contribution to the denominator is

γ3 =
∑

p

(
g̃Lb̃pRh

p

Nf
p̄

N12

)
+

∑
p

(
g̃Rb̃pLh

p

Nf
p̄

N23

)
. (A.39)

Finally, the contribution in the denominator when all SF vertices are active is

γ4 = −gLgRhe
Nhh

N . (A.40)

The summation of the diagrams seems at first to risk errors. While it is true that care
is required, we would like to persuade the reader that it is systematic. To this effect we
will eliminate the F1/F2 and F2/F3 interface scattering amplitudes in favor of the compound
scattering amplitudes for F1/F2/F3. To this effect we note the following relations:

r̃
p

13 = f
p

N12


p

N1

,
(
r̃

p

13

)′ = f
p

N23


p

N1

, g
p

N13 = h
p

N


p

N1

,

with the analog definition

g
p

N13 = r̃
p

13

(
r̃

p

13

)′ − t̃
p

13

(
t̃
p

13

)′
. (A.41)

These relations easily follow from the consideration of a structure with three normal layers,
but can also be verified directly from their definitions and the iterative relations presented in
the appendix. From the first approach it is clear that the quantity 

p

N1 in the denominator
gives the multiple scatterings for a p particle in the center ferromagnetic layer. The first
two expressions are easily seen from the definitions of f

p

N12, f
p

N23 and 
p

N1 in (A.33), (A.34)
and (A.35) correspondingly. For the third relation again we start from the definitions of h

p

N

and g
p

N13 in (A.36) and (A.41) separately and compare them.
Thus using the above relations we can rewrite the γi contributions as

γ1 = (1 − γ0)
∑

p

b̃pLr̃
p

13 + (1 − γ0)
∑

p

b̃pR

(
r̃

p

13

)′
. (A.42)

where we divided by

e
N1

h
N1 = (1 − γ0)

and
γ2

(1 − γ0)
= −gLr̃e

13r̃
h
13 − gR

(
r̃ e

13

)′(
r̃h

13

)′ −
∑

p

b̃pLb̃pRg
p

N13 −
∑

p

b̃pLb̃p̄Rr̃
p

13

(
r̃

p̄

13

)′

+ ãhL

(
t̃ h13

)′
ãeRt̃ e13 + ãeL

(
t̃ e13

)′
ãhRt̃h13, (A.43)

where we factored out (1 − γ0) and in the last two terms we used the relations

t̃
p

12 t̃
p

23 = (
t̃
p

13

)


p

N1,
(
t̃
p

12

)′(
t̃
p

23

)′ = (
t̃
p

13

)′


p

N1,
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from the iteration relations for the scattering amplitudes in the intermediate layers.

γ3

(1 − γ0)
=

∑
p

gLg
p

N13b̃pRr̃
p̄

13 +
∑

p

gRg
p

N13b̃pL

(
r̃

p̄

13

)′
(A.44)

γ4

(1 − γ0)
= −gLgRge

N13g
h
N13. (A.45)

Thus the denominator for the S/F/F/F/S case (S3) is simply related to the one for
S/F/F/S (S2, with the amplitudes r13 etc.) by the following S3 = (1 − γ0)S2.

A.6. Scattering matrix method

A.6.1. Scattering amplitudes of the S1/F1/Fn/S2 junction. The scattering matrix of the
multiferromagnetic junction can be obtained as a function of the scattering amplitudes of FS
barriers (a, b, c, d, a∗, b∗, c∗, d∗) and FiFi+1-barriers (ri,i+1, ti,i+1, r

′
i,i+1, t

′
i,i+1).

The problem one has to solve is the S1/F1/Fn/S2 junction. First we express the
reflection and transmission coefficients (A,B,C,D,A′, B ′, C ′,D′) of the whole junction
in terms of the scattering amplitudes (a, b, c, d, a∗, b∗, c∗, d∗) at the S/F interfaces and the
F1/ · · · /Fn interface scattering amplitudes (r1n, t1n, r

′
1n, t

′
1n). Then we use the composition

procedure for the n-non-superconducting regions, as described in the following section,
and substitute the results for r1n, t1n, r

′
1n, t

′
1n by the amplitudes r1,i , t1,i , r

′
1,i , t

′
1,i for i =

1, 2, . . . (n − 1) which must be evaluated consecutively. This means that we replace the
interior sequence of the F-layers (F1/F2/ . . . /Fn) which is characterized by the amplitudes
r12, . . . , rn−1n, t12, . . . , tn−1,n, r

′
12, . . . , r

′
n−1,n, t

′
12, . . . , t

′
n−1,n with the sequence (F1/Fn) which

is characterized by r1n, t1n, r
′
1n, t

′
1n.

A.6.2. Scattering matrix of the SFFS junction. The matching conditions at the three interfaces
of the S1/F1/Fn/S2 gives the following set of equations(

χr
n−

ψR
+

)
=

(
R̂2 T̂2

∗

T̂2 R̂2
∗
) (

χr
n+

ψR
−

)
(A.46)

(
χr

1−
χl

n+

)
=

(
r̂1n t̂ ′1n

t̂1n r̂ ′
1n

) (
χr

1+

χl
n−

)
(A.47)

(
ψL

−
χl

1+

)
=

(
R̂1

∗
T̂1

T̂1
∗

R̂1

) (
ψL

+

χl
1−

)
, (A.48)

where χ1(χn) is the spinor vector of the region F1(Fn), ψ
L(ψR) the spinor vector of the

left(right) superconductor S1(S2), the subscript +(−) stands for right(left) moving particles
and the superscript l(r) for the left(right) side of the segment 1 or n. Expressing all spinors
with respect to the incoming quasiparticles, the equations for the outgoing quasiparticles can
be written as (

ψL
−

ψR
+

)
=

(
R̂L→R T̂ ′

L→R

T̂L→R R̂′
L→R

)(
ψL

+

ψR
−

)
, (A.49)

where R̂L→R, T̂L→R contains the elements

R̂L→R =
(

Be Ah

Ae Bh

)
, T̂L→R =

(
Ce Dh

De Ch

)
. (A.50)
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After some calculations we derive from equations (12)–(14) for the T̂L→R (for example) the
following:

T̂L→R = −T̂2τnt̂1nτ1(1 − (R̂2τnt̂1nτ1)
−1(1 − R̂2τnr̂

′
1nτn)(R̂1τ1 t̂

′
1nτn)

−1(1 − R̂1τ1r̂1nτ1))
−1

× (R̂2τnt̂1nτ1)
−1(1 − R̂2τnr̂

′
1nτn)(R̂1τ1 t̂

′
1nτn)

−1T̂ ′
1 − T̂2τnr̂

′
1nτn

× (1 − (R̂1τ1 t̂
′
1nτn)

−1(1 − R̂1τ1r̂1nτ1)(R̂2τnt̂1nτ1)
−1(1 − R̂2τnr̂

′
1nτn))

−1

× (R̂1τ1 t̂
′
1nτn)

−1T̂ ′
1,

where

τ1 =
(

eiqe1d1

e−iqh1d1

)
, τn =

(
eiqendn

e−iqhndn

)
(A.51)

are the propagation matrices of regions F1 and Fn correspondingly. That means for the right-
and left-going particles

χr
1(n)+ = τ1(n)χ

l
1(n)+, χ l

1(n)− = τ1(n)χ
r
1(n)−.

Defining the tilde matrices as the product of an scattering event matrix and a propagation
matrix of a region before the event happens

S̃ = Ŝτ, (A.52)

where S stands for r, t, R, T etc and using the identity

(1 − AB)−1 = −B−1(1 − A−1B−1)−1, (A.53)

we derive after some simple algebra the formula

T̂L→R = T̃2(1 − r̃ ′
1nR̃2)

−1 t̃1n(1 − (R̃1 t̃
′
1n)(1 − R̃2r̃

′
1n)

−1(R̃2 t̃1n)(1 − R̃1r̃1n)
−1)−1T̂ ∗

1 . (A.54)

In a similar manner we derive

T̂ ′
L→R = T̃1(1 − r̃1nR̃1)

−1 t̃ ′1n(1 − (R̃2 t̃1n)(1 − R̃1r̃1n)
−1(R̃1 t̃

′
1n)(1 − R̃2r̃

′
1n)

−1)−1T̂ ∗
2 (A.55)

R̂L→R = R̂∗
1 + T̃1(r̃1n + t̃ ′1nR̃2(1 − r̃ ′

1nR̃2)
−1 t̃1n)(1 − R̃1r̃1n)

−1

× (1 − (R̃1 t̃
′
1n)(1 − R̃2r̃

′
1n)

−1(R̃2 t̃1n)(1 − R̃1r̃1n)
−1)−1T̂ ∗

1 (A.56)

R̂′
L→R = R̂∗

2 + T̃2(r̃
′
1n + t̃1nR̃1(1 − r̃1nR̃1)

−1 t̃ ′1n)(1 − R̃2r̃
′
1n)

−1

× (1 − (R̃2 t̃1n)(1 − R̃1r̃1n)
−1(R̃1 t̃

′
1n)(1 − R̃2r̃

′
1n)

−1)−1T̂ ∗
2 . (A.57)

In the evaluation of the inverse matrices in (A.56) and (A.57) we obtain two determinants,
which turn out to be equal, i.e.



D

= det (1 − (R̃1 t̃
′
1n)(1 − R̃2r̃

′
1n)

−1(R̃2 t̃1n)(1 − R̃1r̃1n)
−1)

= det (1 − (R̃2 t̃1n)(1 − R̃1r̃1n)
−1(R̃1 t̃

′
1n)(1 − R̃2r̃

′
1n)

−1),

where D = gLgRt̃e1nt̃
h
1n

(
t̃ e1n

)′(
t̃ h1n

)′
.

This determinant is the one that includes all the important closed paths, as discussed in the
text, and is proportional to the denominator , whose vanishing give us the Andreev spectrum.
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χ (i+1)+
l χ (i+2)+

lχ (i+1)+
rχ i+

r

χ r χ l χ r χ l

Figure 20. Basic processes corresponding to (A.58) and (A.59).

A.6.3. Composition of the scattering matrix of the ferromagnet multilayer. At an Fi/Fi+1

interface ( of barrier strength Zi) between two neighboring normal regions i and i + 1 the
amplitudes χi and χi+1 are related by the following equations:(

χr
i−

χl
(i+1)+

)
=

(
r̂i,i+1 t̂ ′i,i+1

t̂i,i+1 r̂ ′
i,i+1

)(
χr

i+

χl
(i+1)−

)
, (A.58)

where the superscripts r or l denote the amplitude at the left end or the right end of each
layer. The two are related by the corresponding diagonal propagation matrices as shown in
figure 20, with the electron or hole propagation phase.

If we consider the next region i + 2, we write(
χr

(i+1)−
χl

(i+2)+

)
=

(
r̂i+1,i+2 t̂ ′i+1,i+2

t̂i+1,i+2 r̂ ′
i+1,i+2

) (
χr

(i+1)+

χl
(i+2)−

)
. (A.59)

Combining these sets of equations we can relate the statevector χi of region i with the
statevector χi+2 of region i + 2:(

χr
i−

χl
(i+2)+

)
=

(
r̂i,i+2 t̂ ′i,i+2

t̂i,i+2 r̂ ′
i,i+2

)(
χr

i+

χl
(i+2)−

)
(A.60)

where

t̂i,i+2 = (t̂i+1,i+2τi+1)(1 − (r̂ ′
i,i+1τi+1)(r̂i+1,i+2τi+1))

−1 t̂i,i+1

r̂ ′
i,i+2 = r̂ ′

i+1,i+2 + (t̂i+1,i+2τi+1)(1 − (r̂ ′
i,i+1τi+1)(r̂i+1,i+2τi+1))

−1(r̂ ′
i,i+1τi+1)t̂

′
i+1,i+2

r̂i,i+2 = r̂i,i+1 + (t̂ ′i,i+1τi+1)(r̂i+1,i+2τi+1)(1 − (r̂ ′
i,i+1τi+1)(r̂i+1,i+2τi+1))

−1 t̂i,i+1

t̂ ′i,i+2 = (t̂ ′i,i+1τi+1)(1 − (r̂i+1,i+2τi+1)(r̂
′
i,i+1τi+1))

−1 t̂ ′i+1,i+2.

Thus we have an iterative scheme to obtain consecutively from the (12) → (13) →
· · · → (1n) scattering matrices for the total scattering matrix from the ferromagnetic layers.
It should be remarked that one can treat a very general ferromagnetic layer whose physical
parameters can be approximated piecewise constant.
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